Future singularities arising in a family of models for the expanding Universe, characterized by sharing a convenient parametrization of the energy budget in terms of the deceleration parameter, are classified. Finite-time future singularities are known to appear in many cosmological scenarios, in particular, in the presence of viscosity or non-gravitational interactions, the last being known to be able to suppress or just change in some cases the type of the cosmological singularity. Here, a family of models with a parametrization of the energy budget in terms of the deceleration parameter are studied in the light of Gaussian processes using reconstructed data from 40-value H(z) datasets. Eventually, the form of the possible non-gravitational interaction between dark energy and dark matter is constructed from these smoothed H(z) data. Using phase space analysis, it is shown that a non-interacting model with dark energy ω de = ω0 + ω1q (q being the deceleration parameter) may evolve, after starting from a matter dominated unstable state, into a de Sitter Universe (the solution being in fact a stable node). Moreover, for a model with interaction term Q = 3Hbρ dm (b is a parameter and H the Hubble constant) three stable critical points are obtained, what may have important astrophysical implications. In addition, part of the paper is devoted to a general discussion of the finite-time future singularities obtained from direct numerical integration of the field equations, since they appear in many cosmological scenarios and could be useful for future extended studies of the models here introduced. Numerical solutions for the new models, produce finite-time future singularities of Type I or Type III, or an ω-singularity, provided general relativity describes the background dynamics.
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I. INTRODUCTION
Interacting dark energy cosmological models are attracting growing attention in recent times, owing to the fact that a consistent framework has been already developed to fit the observational data with increasing precision. There is also a trend to try to avoid introducing any kind of non-gravitational interaction, in particular, because these contributions do not easily follow from fundamental theories. However, it turns out that in models without non-gravitational interactions it is usually very difficult to solve a number of key theoretical and cosmological problems in a convincing way. On the other hand, there is increasing evidence indicating that some kind of non-gravitational interaction between dark energy and dark matter might be imprinted in recently obtained observational data. Commonly, interacting dynamical dark energy models have been introduced in cosmology in order to solve problems that the ΛCDM standard model has to face, when confronted with observations. In present day cosmology, dark fluids are often used as the basic objects and, in some sense, they successfully replace dynamical dark energy models. They can also emerge in modified theories of general relativity. One of the main aims of some important, ongoing research in cosmology is to find a realistic way to correctly parameterize the equation of state (EoS) of this dark fluid (also termed, the dark side of the Universe).
In the recent literature, increasing interest is revealed towards the study of interacting dark energy models and dark fluids, see (to mention only a few papers). A particular example for the justification of the possible existence of a non-gravitational interaction between dark energy and dark matter can be found in Ref. [46] . It is concluded there that the result reported by the BOSS experiment [45] for the Hubble parameter at z = 2.34 is a direct evidence for the existence of a non-gravitational coupling between dark energy and dark matter. It should be mentioned that in Ref. [46] a specific form of dark energy has been taken into account, which motivated the authors of Ref. [43] to seek other combinations of dark energy and dark matter, able to explain the results of the BOSS experiment, too. In particular, it has been shown in Ref. [43] that a varying polytropic dark energy model with a logarithmic non-gravitational interaction can also explain the mentioned result and yield theoretical results in very good correspondence with the PLANCK 2015 survey. In our opinion, it would be interesting to study the BOSS experimental results either without involving interacting dark energy models, or by using viscosity. The consideration of viscosity is appealing, as discussed in several reports, which clearly prove the effectiveness of involving viscosity into the background dynamics, not only for the late Universe but also when considering the early Universe and cosmic inflation. Studies of this kind are very important, since the BOSS experiment is unique in its nature and allows the scanning of the Universe at higher redshifts. At first glance, it seems that in order to explain the value of the Hubble parameter for z = 2.34 at cosmological scales, it is necessary to introduce a dissipative process under the form of a non-gravitational interaction (that is why we thought that viscosity could also be applicable). On the other hand, in the above mentioned studies the authors considered also parameterized forms of interacting dark energy models. But, in general we need to involve in this subject a model-independent analysis, because analysis driven from a strong dependence on the interacting dark energy pattern simply may fall. Therefore, organizing a study that uses a model-independent technique and allows a reconstruction of the parameters directly from observational data can be extremely valuable. In this paper we will adopt the Gaussian processes (GP) for our purposes (see for instance [47] and references therein for more details on the method). Gaussian processes constitute a powerful tool allowing to reconstruct the behavior of a function (and its derivatives) directly from given data, and have been used intensively to study various cosmological models. Moreover, studies carried out in recent literature have shown, for instance, that this method could also be applied to reconstruct the behavior of the non-gravitational interaction between dark energy and dark matter (among other results). Model-independent GP techniques depend on the covariance function (kernel), which can be estimated from the observational data. Therefore, for instance, they are able to model the deceleration parameter at different redshift directly from observational data. On the other hand, with the field equations describing the background dynamics, we can reconstruct other parameters interesting for completing the study. Before describing in detail the models of this paper and the datasets used, we would like to come back to the discussion of an interesting topic that is actively studied in recent literature.
The same reasons that motivated the consideration of modified theories of gravity, and the introduction of nongravitational interactions, do not allow to find a solution in the case at hand. Sometimes, it has been reported that the existing tension between different data sets gives an statistically equivalent picture from different scenarios; therefore, it is hard to make a final conclusion. However, it may be not excluded that the ultimate reason could be somehow deeper than assumed. Therefore, it is necessary to study different processes within the suggested cosmological models, in order to better understand possible differences among them. On the other hand, due to the obvious interest towards the fate of our Universe in the future, the study and classification of timelike future singularities, first undertaken in Ref. [48] , is an alternative way aiming at a better understanding of the models. Intuitively, it is clear that if one of the parameters blows up, then a singularity should be formed. According to Ref. [48] , the following types of singularities appear (for a few seminal references, see [49] [50] [51] [52] [53] ):
• Type I ("The Big Rip Singularity"). If the singularity occurs at t = t s , then the scale factor a, the effective energy density ρ eff , and the pressure P eff , diverge as t → t s ; that is, a → ∞, ρ eff → ∞ and |P eff | → ∞. This case yields incomplete null and time-like geodesics,
• Type II ("The Sudden Singularity"). In this case, the scale factor a and the total effective energy density ρ eff are finite, but the effective pressure P eff diverges as t → t s ; that is, a → a s < ∞, ρ eff → ρ s < ∞ and |P eff | → ∞. In this case the geodesics are complete and observers do not necessarily crush (weak singularity),
• Type III ("The Big Freeze Singularity"). In this case, only the scale factor is finite, and the effective pressure and effective density diverge at t → t s ; that is, a → a s < ∞, ρ eff → ∞ and |P eff | → ∞. These can be either weak or strong singularities, which are geodesically complete solutions.
• Type IV ("Generalized Sudden Singularity"). In this case, the scale factor, the effective pressure and the effective density are finite at t → t s . The Hubble rate and its first derivative are also finite, but the higher derivatives of the Hubble rate diverge at t → t s . In this case a weak singularity appears and geodesics are complete.
Increasing effort is being devoted towards the classification of singularities in all sort of cosmological models, where P eff = P i and ρ eff = ρ i are the effective pressure and the energy density made by different fluids with P i and ρ i existing in the Universe. In particular, there is an intensive study of cosmic singularities in the case of modified gravity theories. Discussions of these studies on modified theories and on the classification of singularities in general can be found in [44, (and references therein). Also we would like to mention the recent paper [78] where the authors try to establish a general relation between interactions of a specific form introduced at the level of the continuity equations and future cosmological singularities. In particular, their study shows that every finite-time future cosmological singularity can be directly mapped into a singularity of the interaction term, which they have dubbed as Q-singularity. It should be mentioned that the authors have considered specific parameterizations of the Hubble expansion rate and the dark energy equation of state (EoS). Another interesting result presented by these authors is a novel type of singularity characterized by a divergence in the time-derivative of the EoS parameter for dark energy. Such singularity is expected not to be relevant for the background evolution, but it might signal the presence of divergences in the sound speed of the perturbations. It seems clear that a mapping should exist, as mentioned. In particular, having in mind the form of the field equations describing the background dynamics and the specific parametrization, it is a matter of calculus to obtain the mapping. Depending on the form of the assumed parametrization, the mapping may not be one to one. We think that this could be observed in the case of nonlinear interactions. In summary, it seems important to extend this study and obtain a mapping not relying on the parametrization used, i.e., to establish a general, parametrization independent mathematical framework and device an algorithm to explore this mapping.
In this paper a new parametrization of the EoS parameter corresponding to the dark energy/fluid is introduced based on a model earlier suggested in [79] . In this paper we will adopt two ways to study the models. In the first case we will use GP to reconstruct the behavior of the Hubble parameter from the data and study the models. While, in the second case, we will numerically solve the field equations for given initial conditions and then discuss the results which cannot be obtained with a GP method. In the last case, the results will be presented as a motivation for a future study of the corresponding models. In particular, after some analysis of the numerical solutions, which shows that the models can explain the accelerated cosmic expansion and also solve the cosmological coincidence problem, the classification of all possible timelike future singularities arising in the models will be undertaken based on the imposed initial conditions and constraints. As a result of these constraints the final fate of the present Universe will be determined, according to these models, by a Type I, Type III, or an ω-singularity (with a → ∞, ρ eff → 0 and |P eff | → 0, with EoS parameter ω → ∞, for t → t s ) [87, 88] .
Before analyzing the numerical solutions, we will use a model-independent data smoothing GP algorithm on a 30-point sample deduced from the differential age method for H(z) and, in addition, on a 10-point sample obtained from the radial BAO method data (see Table I ). Furthermore, directly from the reconstructed H(z) we can reconstruct the behavior of the deceleration parameter, which in terms of H and H ′ reads
where ′ means d/dz. In other words, we can reconstruct a model-independent behavior of the deceleration parameter, which will be used also to reconstruct the behavior of the EoS parametrization and of other important cosmological parameters. The covariance function (kernel) k(z,ẑ) which correlates the function H(z) at different points is chosen to be a squared exponential
with two hyperparameters l and σ f to be determined from the observational data. The models of dynamical dark fluid considered in this paper stem from a reparametrization of the EoS parameter by the deceleration parameter q (for details see [79] )
where
is the deceleration parameter. It is easy to see that such parametrization corresponds to ordinary matter for ω 0 > 0, at the early Universe, and to dark energy at the late time Universe, owing to the change of the sign of the deceleration parameter q. On the other hand, it is easy to see, after doing some mathematics, that the ω 0 parameter for a Universe dominated by the fluid, Eq. (3), can be expressed in terms of the deceleration parameter q 0 in the present Universe, namely
In analyzing the models of this paper, it is assumed that the metric of the background corresponds to the flat Friedmann-Lemaître-Robertson-Walker (FLRW) universe, with line element where a(t) is the scale factor of the Universe, while R = 6(2H 2 +Ḣ) stands for the Ricci scalar, with H =ȧ/a being the Hubble parameter. The non-gravitational interaction is understood as energy transfer from one component to another, when they are interpreted as ideal fluids forming an effective fluid satisfying the following energy conservation lawρ
where ρ eff = ρ de + ρ dm and P eff = P de , since dark matter is assumed to be pressure-less. In this case, the nongravitational interaction should be understood in the following waẏ
where Q is an accepted notation for the non-gravitational interaction, H is again the Hubble parameter and the dot represents time derivative. Here ρ de and ρ dm are the energy densities for dark energy and dark matter, respectively, while P de is the pressure of the dark fluid/energy. The paper is organized as follows. In Sect. II dark fluid models based on a generalized parametrization of the EoS parameter in terms of the deceleration parameter q, are investigated. Then, some specific aspects of the phase space analysis are considered in detail, on top of the results obtained from the GP reconstruction. Sect. III is devoted to an exhaustive discussion of the results obtained directly from numerical analysis of the models. In addition, the important issue of the impact of various forms for the non-gravitational interaction on the type of the singularities appearing in the corresponding models and on its possible time evolution is considered. Finally, the last section, Sect. IV, is devoted to a final discussion and conclusions.
II. THE MODELS, PHASE SPACE ANALYSIS AND GP PROCESSES
Phase space analysis is a very powerful tool intensively used in modern cosmology; there is indeed a huge number of works devoted to this subject. It allows, for instance, to demonstrate (among other things) that the solution of the cosmological coincidence problem is directly due a non-gravitational interaction. In order to construct the phase portraits and obtain the critical points (stable attractors), we introduce the new variables (with 8πG = 1)
and
and follow the common line of research to determine the critical points and to ascertain whether they are attractors or not. Some details justifying the need for these new variables and how to find the critical points and determine which of them is a late time attractor, for the background dynamics given by general relativity, can be found in Ref. [9] , and references therein. On the other hand, GPs have been also widely applied, in particular, to test the standard concordance model [81] and the distance duality relation [82] . They have been used to reconstruct dark energy and cosmography [83] [84] [85] . There is also interesting research aiming to determine the interaction between dark matter and energy [86] (to mention a few applications only). The choice for the kernel, Eq. (2), seems logical due to the assumption on the distribution of observational data. On the other hand, in the above mentioned references there is also a detailed discussion on the reasons to consider other kernels, as well.
In this paper we have used the public code GaPP (Gaussian Processes in Python) in order to study the models. In order to understand the weight of the suggested phenomenological parameterizations of the EoS, first we used only 30-point samples of H(z) deduced from the differential age method. Then, we added 10-point samples obtained from the radial BAO method (see Table I ). In the first case we have relatively good data up to z = 2. On the other hand, in the second case we can extend the analysis up to z = 2.4 improving also low-redshift data. In Fig. 1 we present the reconstructed behavior of the Hubble parameter H and its derivatives up to z = 2, while 
and H(z)
′′′ for the 30-point sample deduced from the differential age method, with the additional 10-point sample obtained from the radial BAO method. The ′ means derivative with respect to the redshift z.
the reconstruction up to z = 2.4 using 30 and 40-point samples of H(z) data, respectively. To be noted is that in both cases we avoid fixing the value of the Hubble parameter at z = 0, i.e. the value of H 0 . A visual comparison of both plots already indicates that having additional high redshift data can significantly change and improve our understanding of the higher-and lower-redshift Universe. This is directly imprinted on the present day values of the Hubble and the deceleration parameters. In particular, the present day value of the Hubble parameter estimated from GP is 71.286 ± 3.743 and 67.434 ± 4.748 (1σ reconstruction level) for 40 and 30-point samples of H(z) data, respectively. In our study besides the reconstructed behavior of the Hubble parameter H we need to have the behavior of H ′ and H ′′ . The value of H ′′ is needed, in particular, in order to reconstruct non-gravitational interactions. Complementarily, Fig. 3 represents the reconstructed behavior of the deceleration parameter. Again, a direct and visual comparison of the behavior of the deceleration parameter presented in Fig. 3 demonstrates the changes in the behavior of the deceleration parameter mainly due to higher redshift H(z) data. It should be indicated clearly that the changes are due to a very high precision of the measurements (small statistical error) of the H(z) Hubble parameter at z = 2.30, z = 2.34 and 2.36. Of course, it will be interesting to study how artificially increased statistical errors for the measurements at the mentioned redshifts will affect the conclusions of the study. This will be discussed elsewhere. From the two plots of Fig. 3 we observe that the GP reconstruction of the deceleration parameter from H(z) data gives rise to an accelerated expanding Universe for higher redshifts (q < 0). Moreover, it is expected also to have a transition from this phase to the phase with q > 0, and for relatively lower redshift, again, we will have an accelerated expanding Universe. We also observe, that the present day value of the deceleration parameter is very sensitive and can be significantly changed depending on the considered data points. In this paper we also will reconstruct the non-gravitational interaction between dark energy and dark matter in order to address the question of including a non-gravitational interaction to explain the value of the Hubble parameter at z = 2.34, as reported by the BOSS experiment. Therefore, in the next two subsection we will concentrate our attention mainly on the results obtained from the reconstruction from the full 40-point sample of H(z) data. It is obvious that in this case the reconstructed non-gravitational interaction will answer the relevant question: do we need to include a non-gravitational interaction to explain the value of the Hubble parameter at z = 2.34? In addition, in parallel we will discuss also important aspects arising from the 30-point sample of H(z) data. Table I . The left plot represents GP reconstruction from 30-point H(z) data, while the right plot presents the GP reconstruction from 40-point H(z) data. The solid line is the mean of the reconstruction and the shaded blue regions are the 68% and 95% C.L. bands of the reconstruction, respectively.
A. Model with ω de = ω0 + ω1q
In this section we study the cosmology of a particular model of dark fluid in the presence of dark matter. The model of dark fluid is given by the following EoS parameter
where ω 0 and ω 1 are parameters of the model that are to be determined by using observational data, while q is the deceleration parameter and q < 0 corresponds to accelerated expansion. Moreover, for the Universe where the background dynamics is dominated by the barotropic dark fluid P de = ω de ρ de , with EoS parameter given by Eq. (12), the ω 0 parameter can be easily expressed in terms of ω 1 and the deceleration parameter q 0 in the present Universe, in the following way
On the other hand, it is easy to see that for this model the autonomous system
where N = ln a is the folding time, has three critical points: (x 1 , y 1 ) = (1, −1), (x 2 , y 2 ) = (0, 0), and
Moreover, it comes out that (x 2 , y 2 ) = (0, 0) is an unstable solution representing a matter dominated Universe, while the ω 0 − ω 1 parameter space can be divided into several regions, according to whether they are stabilized by either the (x 1 , y 1 ) solution, or the (x 3 , y 3 ) solution. In other words, in the model considered the evolution should start from the (x 2 , y 2 ) state and end up either on (x 1 , y 1 ), or on (x 3 , y 3 ). For instance, with ω 0 , ω 1 ∈ [−10, 10] both solutions are stable nodes for appropriate regions of the parameter space. It should be mentioned that the (x 1 , y 1 ) solution corresponds to a de Sitter Universe with q = −1 and ω de = ω eff = −1. On the other hand, the (x 3 , y 3 ) solution represents the state of the Universe with ω de = ω eff = (2ω 0 + ω 1 )/(2 − 3ω 1 ) and 
Stable Node However, according to recent observational data the last solution is less favorable since it describes an accelerated expanding Universe with q < −1. An example of the phase portrait for this model is presented in Fig. 4 indicating that (x 2 , y 2 ) and (x 3 , y 3 ) are saddle points, while (x 2 , y 2 ) is a stable node. Table II shows two critical points obtained for the cosmological model with Q = 3Hρ de non-gravitational interaction between dark energy and dark matter. Also, the model has one unstable critical point similar to the one corresponding to the non-interacting model (x = 0 and y = 0). Therefore, starting the evolution from that state the Universe will lead us to the Universe as described either by the critical point C.P.1, or C.P.2. In both cases the cosmological coincidence problem is solved (see the Ω de /Ω dm column of Table II ). On the other hand, if we consider Q = 3Hbρ dm , then the following prior constraints ω 0 ∈ [−1, 1], ω 1 ∈ [−1, 1] and b ≥ 0 follow, so that we obtain three stable critical solutions. The features of these solutions are presented in Table III , the most interesting solution being the critical point C.P.4. Now, let us turn our attention on the study of the results obtained from the GP. In this case, first of all the main problem is to find appropriate constraints on the parameters ω 0 and ω 1 of Eq. (12) EoS. While the second cosmological parameter which mainly can be interpreted as a controlling parameter needed in the analysis could be taken as Ω de at z = 0 (this is due to structure of the equations). The reconstructed behavior of ω de and Ω de = ρ de /3H 2 for both data combinations are presented in Fig. 5 . From the study of the bottom panel of Fig. 5 corresponding to the reconstruction obtained from the 30-point sample data, we see that the 2σ errors due to GPs reconstruction do not exclude the possibility that Ω de < 0 for z ∈ (1.1, 1.9). However, from the 40-point sample data we do not get the same conclusion (see the top panel of Fig. 5 ). Moreover, in both cases ω de < 0 i.e. Eq. (12) will describe dark energy without any transition to it from another kind of energy source. On the other hand, we should remember that the considered parametrization of the dark side of the Universe is valid for lower redshifts, therefore it is reasonable to expect that the reconstructed low redshift behavior of the parameters is correct and correspond to the recent Universe. We should highlight that this is correct for the parameters reconstructed using the reconstructed Hubble data, and not the Hubble data itself. Now, having in mind the last point, let us study the behavior of the mean of the ω de parameter. In both cases we observe that the reconstructed mean indicates that the considered EoS at higher redshifts describes quintessence dark energy, however, an interesting situation could be observed for lower redshifts. In particular, with 40-point data we observe the phantom divide crossing and that ω de at z = 0 yields a value in well agreement with PLANCK 2015. On the other hand, 30-point data reconstruction tells us that only quintessence dark energy will contribute into the background dynamics at lower redshifts. This is an excellent example demonstrating how the situation in general can be changed with the algorithm of data filtering (this filtering should be understood in a general term). Using the reconstructed Hubble parameter and its derivatives (in this case only the first-order derivative), we reconstructed the deceleration parameter and thus the form of the EoS for the corresponding dark energy. Eventually, after a detailed study we come to the following constraints on ω 0 = −0.6 ± 0.05 and ω 1 = 0.65 ± 0.05, using the 40-point sample of H(z) data as described in Table I . Moreover, in both cases at higher redshifts we should have a dark energy dominated Universe in order to explain the reconstructed accelerated expansion at higher redshifts (see Fig. (3) for details). We would like to mention also that the 40-point sample of H(z) data used in the presented analysis predicts a higher Ω de at z = 0, as compared with the reconstruction from 30-point samples of H(z) data.
On the other hand, Fig. (6) presents the expected behavior of the reconstructed interaction between dark energy and dark matter. As we can see, according to the considered parametrization, Eq. (12), we have to introduce some flow from dark matter to dark energy for higher redshifts in order to explain the observed value of the Hubble parameter at z = 2.34. Moreover, the introduced interaction will quickly disappear and only for very low redshifts can we expect to see its influence back into the background dynamics. 
where α, ω 0 , and ω 1 are parameters of the model, leads to the second cosmological model of this paper. We see that when α = 0 this model reduces to the first one. Moreover, the corresponding autonomous system
has the following two critical points:
and (x 2 , y 2 ) = 1, where A = 4ω 0 ω 1 (3 (α 2 − 6) ω 0 − 9(α + 2)ω 2 0 + α(α + 3)) + 4ω 2 0 (α + 3ω 0 + 3) 2 + ω 2 1 (3(α + 2)ω 0 + α) 2 . Note that both solutions describe the state of the Universe with background dynamics governed only by the dark energy considered, in each case. What is more, both solutions are stable nodes with respect to the constrains considered previously for the non-interacting model. In this case, the parameter space can be divided into appropriate regions and the solutions can be stabilized separately. The phase plots in Fig. 7 clearly show, in four different cases, how one of the solutions is an attractor, while the other remains an unstable critical point. In particular, from the top panel of Fig. 7 we see, that in the case of the left plot corresponding to ω 0 = −2.0, ω 1 = 2.0 and α = −2, the critical point Eq. (19) is an unstable node, while the critical point Eq. (20) is a stable one. On the other hand, the phase plot depicted on the right hand side shows that the critical point Eq. (19) is a stable node, while the critical point Eq. (20) is a saddle point (in this case we have set ω 0 = 2.0, ω 1 = 2.0 and α = −2). The two other plots at the bottom exhibit the unstable node nature of the critical point of Eq. (19) (for ω 0 = 3.0, ω 1 = −0.5, and α = −2) and the stable node nature of the critical point of Eq. (20) (for ω 0 = 3.0, ω 1 = −1.5, and α = −2). The study carried out in this section corresponds to the non-interacting dark energy models (except for the phase space analysis of the first model), and proves the viability of the models under discussion to explain the accelerated expansion of the Universe at large scale. Table I . The top panel represents the GP reconstruction from 40-point samples of H(z) data, while the bottom panel presents the GP reconstruction from 30point samples of H(z) data. The solid line is the mean of the reconstruction and the shaded blue regions are the 68% and 95% C.L. bands of the reconstruction, respectively. In this case we fixed ω0 = −0.63 ± 0.1, ω1 = 0.78 ± 1 and α = −1 ± 0.5, while the value of the Hubble parameter H0 at z = 0 has not been fixed. Now, let us discuss the results corresponding to the GP reconstruction for this model. First of all, similar to the model with α = 0, we see that according to the 95% C.L. of the reconstruction, the possibility that Ω de < 0 at higher redshifts is not excluded (if we take into account the 30-point sample of H(z) data). On the contrary, consideration of the 40-point sample of H(z) data reconstruction shows that the model can be viable. It should be mentioned also that, in this case, similar to the model with α = 0, we observed that to have Ω de < 0.7 at z = 0 always needs a phantom dark energy (this can be seen on the top panel of Fig. 8) . However, the reconstruction based on 30-point samples of H(z) data shows that for the same values of the parameters, as in the case discussed above, instead of having phantom dark energy at z = 0, we will have the cosmological constant with ω de = −1 giving Ω de = 0.672. In general the study shows that the H(z) data used supports mainly negative values of the parameter α. Moreover, the study of the reconstructed form of the non-gravitational interaction in this case also shows that at higher redshifts we had to introduce a rapidly vanishing non-gravitational interaction providing energy transfer from dark matter to dark energy in order to explain the value of the Hubble parameter at z = 2.34. On the other hand, the parameter α does not affect the form and the behavior of the reconstruction of the interaction term. This could mean that the α parameter will not affect the type of future singularities indicated by the existence of non-gravitational interaction.
A similar picture has been observed also with the analysis of numerical solutions directly obtained from the field equations for appropriate initial conditions. Now, we will try to use the results here obtained and see if one should accept or reject the considered models. It turns out that the H(z) data used is not enough to reach a final conclusion; however, we should highlight that As a last point of the analysis, let us investigate the behavior of the EoS parameter of the effective fluid for both models, as defined in the following way ( see Fig. 9 )
It is easy to see that both models, according to the 68% C.L. of the reconstruction, describe a quintessence dark fluid with ω eff > −1.0. Moreover, if we will consider the ω eff parameter to decide acceptance or rejection of the model, then from Fig. 9 we conclude that both models can be accepted even with the 95% C.L. of the reconstruction. However, the above analysis shows another picture. The construction presented in this section for the second model, Eq. (17), has been done with ω 0 = −0.63 ± 0.1, ω 1 = 0.78 ± 1 and α = −1 ± 0.5 and the value of the Hubble parameter H 0 at z = 0 has not been fixed.
Needless to say, the presented analysis should be extended involving different forms of covariance functions, as it is described in the literature. Moreover, it is very important to study the impact of different combinations of data sets during reconstruction. In general GaPP is a very well organized publicly available Python code allowing to carry out a quick study of the mentioned questions (at the algorithmic level, at least). We expect to report on our study of the mentioned points in a forthcoming paper.
III. SOME REMARKS ON FUTURE SINGULARITIES
It is well known that non-gravitational interactions of a certain type can have a significant effect on the background dynamics and structure formation processes; therefore, one can assume that this can affect the formation of the singularities in cosmological models. On the other hand, if a non-gravitational interaction can change the behavior of the EoS parameter, then with high probability within the considered model, it can change the type of singularity. The purpose of this section is to classify singularities assuming explicitly given forms of non-gravitational interactions. Unfortunately, GPs cannot be used to decide on aspects related to such future singularities. It is due to the fact that the covariance function is infinitely differentiable that quantities reconstructed from the observational data cannot carry information about the future singularities either. If we want to assume that the reconstructed future behavior of the parameters based on the known data is totally reliable. This means that, eventually, we will have to get back and solve the field equations for appropriate initial conditions. Now let us start the analysis of the numerical results corresponding to the first model with Eq. (12) EoS. We observe, that the model can explain the accelerated expansion of the recent Universe and that the model is free from the cosmological coincidence problem. On the other hand, for instance, if we choose the following values of the parameters of the model to be as follows: H 0 = 0.676, Ω dm = 0.269, ω 0 = −0.985 and ω 1 = 0.02, then we can obtain a good agreement with the constraints coming from the Omh 2 analysis (based on the estimation of the Omh 2 parameter from 3 H(z) measurements obtained from BAO). An interesting recent discussion on this analysis can be found in Ref. [89] , where a larger sample of H(z) comprising 6 BAO measurements and 23 data points from cosmic chronometers (differential ages of passively evolving galaxies) has been used. Omh 2 analysis is a modification of the Om analysis discussed in Ref. [90] and it is defined in the following way
where h = H(z)/100 km s −1 Mpc −1 . The model independent Om analysis, which conveniently allows to study different features of cosmological models itself is also very valuable analysis to explore the phase space of a cosmological model. It is defined in the following way [91] Om =h Table I . The top panel represents GP reconstruction from 30-and 40-point samples of H(z) data, for the model given by Eq. (12), respectively. On the other hand, the bottom panel presents the GP reconstruction from 30-and 40-point samples of H(z) data for the model described by Eq. (17) . The solid line is the mean of the reconstruction and the shaded blue regions are the 68% and 95% C.L. of the reconstruction, respectively. In this case we fixed ω0 = −0.63 ± 0.1, ω1 = 0.78 ± 1, and α = −1 ± 0.5 and the value of the Hubble parameter H0 at z = 0 has not been fixed. whereh(z) = H(z)/H 0 , and with Om = Ω (0) dm being a null test for the ΛCDM model. Moreover, it turns out that H(z) is a model independent quantity and that Om for the FRW universe is a combination of the Hubble rate H(z) and the redshift, which makes it very attractive. The Om analysis has been used quite intensively in the recent literature, in particular, to distinguish several dark energy models from ΛCDM. More specifically, Om > Ω (0) dm and Om < Ω (0) dm stand for the quintessence and phantom nature of the model, respectively. The definition of Om shows that it is not absolutely necessary to know the precise constraints on the matter density parameter, as well as H 0 (i.e. the value of the Hubble parameter at z = 0), in order to determine the nature of the model studied.
A plot of the behaviors of the deceleration parameter q and of ω de is presented in Fig. 10 . We see that the simple analysis performed here already predicts the transition redshift to be z tr ∈ (0.5, 1.0). The graphical behavior of ω de shows possible differences between the ΛCDM standard model and the new model here considered. In particular, we see that in case of H 0 = 0.676, Ω dm = 0.269, ω 0 = −0.985 and ω 1 = 0.02, the difference is negligible to high precision. On the other hand, we observed also that if we choose the values of the parameters in a such a way that the model explains the statistically allowed lower value of the Hubble parameter at z = 2.34, then the behavior of ω de indicates a phantom nature of the dark fluid at the early universe, with a smooth transition to quintessence at the low-redshift universe. However, a Type I or Type III singularity (with the phantom line crossing at z ≈ 0.38) will be observed at z = 0 for the chosen values of the parameters of the model explaining the statistically allowed upper value for the Hubble parameter as reported from the BOSS experiment (1σ error). In this case, the dark fluid will have quintessence nature at the early universe.
The behavior of the deceleration and of the EoS parameters shown in Fig. 11 Eq. (17) for the specific values of the parameters satisfying constraints from the Omh 2 analysis. In particular, the study of ω de , Eq. (17), points out the quintessential nature of the dark fluid. However, a phantom line crossing at low redshifts (the value of ω de satisfying the constraints imposed by the PLANCK 2015 survey) is also possible. On the other hand, we see that a growth of the α parameter will be reflected as an increase of the value of ω de for higher redshifts. To the contrary, the impact of the parameter α on the transition redshift and on the present day value of the deceleration parameter is negligible. In general, a detailed study of the models (a part of which is presented above demonstrating the behavior of the parameters for certain values of parameters) indicates a deep necessity to work on a classification of future singularities. In the light of the above discussion it is convenient to study this point directly using numerical solutions instead of assuming a specific parametrization of the scale factor (or the Hubble parameter). The particular models of non-gravitational interactions considered are as follows: Q = 3Hbρ de , Q = 3Hbρ dm and Q = 3Hb(ρ de + ρ dm ).
In particular, the study of the first model, corresponding to Eq. (12) , showed that
• When the values of the parameters permit to obtain the statistically allowed (with 1σ error) highest value of the Hubble parameter at z = 2.34, then the appearance of of Type I or Type III singularities is possible already at z = 0. Moreover, the forms for the interaction here considered cannot prevent the formation of the singularity or change its type.
• On the other hand, for instance, for b ∈ [−0.1 − 0.01) a Type III singularity will be observed, while for b ∈ [−0.01, 0.1] a Type I singularity will appear. This is due to the fact that interactions considered here do not affect the present-time behavior of the EoS parameter of dark and/or effective fluids (for the constraints on the parameter b considered here), b < 0 indicating dark matter transition to dark energy. Therefore, the formation of the singularity, which already starts at z ≈ 0 due to the phantom nature of the dark and effective fluids, will not be further affected.
• The only possible effect of the energy transfer will be a change of the type of singularity.
Moreover, for b > 0 in the cases Q = 3Hbρ de and Q = 3Hbρ dm a singularity formation in the future will not be observed, because ω de and ω eff are quintessence fluids. The same is true for the model with Q = 3Hb(ρ de + ρ dm ) and b < 0.3. However, for b > 0.3 the background dynamics is such that Type V singularity formation is possible, while energy transfer from dark matter to dark energy (b < 0) will lead to the formation of a Type I singularity. Now, if we take the values of the parameters which permit to obtain the lowest statistically allowed value for the Hubble parameter at z = 2.34, we find in this case that:
• For Q = 3Hbρ de and b > 0 (or b < 0) singularity formation is not possible, since independently of the nature of dark energy, the effective fluid has quintessence nature.
• The interaction Q = 3Hbρ dm does not lead the formation of any kind of singularity.
• There are cases however, as for instance, b > 0.2 with Q = 3Hb(ρ de + ρ dm ), where an ω-singularity will be formed. For b < 0, on the contrary, future singularities will not be generated.
The second type of EoS parameter, Eq. (17), gives the following picture:
• For the interaction Q = 3Hb(ρ de + ρ dm ), if b > 0.07 an ω-singularity will be formed, while if b < −0.08 a Type I singularity will be generated. On the other hand, if b ∈ (−0.08, 0.07), due to the fact that ω tot > −1 and ω > −1, no singularity will be formed. For this case α = 0.5
• In case when α = 1.3, again for b < −0.1 a Type I singularity will appear, while for b > 0.2 an ω-singularity will be generated, always provided the interaction be, as before, Q = 3Hb(ρ de + ρ dm ).
Summing up, the analysis of the solutions obtained directly from the field equations indicates that the parameter space can be divided into several regions providing a very rich and interesting scenario concerning the future evolution of the Universe. It should be clear that the used Omh 2 analysis with 3-point values does not provide necessary information for the final conclusion, as already mentioned, and it is extremely important to involve other observational data sets. In general, it is extremely important to do a χ 2 test and obtain the constraints, and only after that one can draw a reliable conclusion about the future evolution of the Universe according to the considered EoS parametrization. We expect to report about the extended analysis of the models considered here in a future paper. Moreover, we have found that the parameter α does not affect the type of singularity that can be formed owing to the background dynamics, and this is true even in the presence of non-gravitational interactions of the forms considered here. It is an interesting fact and should be mentioned that during the reconstruction of the non-gravitational interaction for the model with, Eq. (17), from H(z) 40-point sample data, we observed that the parameter α does not affect the present behavior of the non-gravitational interaction, i.e. a corresponding change of the type of the singularity (or of the formation of the singularity).
IV. DISCUSSION AND CONCLUSIONS
In this paper we have introduced a new formulation of the EoS parameter for the dark fluid in terms of the deceleration parameter of the cosmological theory. In some of the cases considered, a careful phase space analysis was carried out, with indication of the corresponding critical points. For some specific values of the parameters, we produced several phase space plots indicating the type of the attractor (for stable critical points) in each case. Our study has revealed that, in general, we can divide the parameter space into several regions, what allowed us to stabilize the critical points. In particular, in the case of non-interacting models, we have observed that the critical points are stable nodes, while for interacting models of the first type a critical point can also be a stable focus (always depending on the form of the non-gravitational interaction considered, and on the prior constraints). An example of such stable focus is the C.P.1 critical point.
In addition, we have employed Gaussian process techniques to reconstruct the behavior of the Hubble, deceleration and Ω de parameters, using the deceleration parameter in order to reconstruct the EoS of dark and effective fluids. Gaussian processes constitute indeed a powerful tool, allowing to reconstruct the behavior of a function (and its derivatives) directly from the given data of the corresponding kernel. They have been used intensively to study various cosmological models. Results from recent literature show, for instance, that they can be applied successfully to reconstruct the behavior of a possible non-gravitational interaction between dark energy and dark matter (among other results). The above mentioned quantities have been reconstructed from a sample of 40 H(z) values. From them, 30 out of the 40 values were deduced with the differential age method, while the remaining 10 are values obtained from the radial BAO method.
GP reconstruction of the deceleration parameter immediately shows that one should expect that, at higher redshifts, the Universe will be in an accelerated phase. Moreover, that another transition should occur, at an intermediate redshift, from the mentioned accelerated phase to a decelerated one. Finally, that at lower redshifts we will again recover the observed accelerated expansion of the large scale Universe. In order to continue the study of the models, we have taken Ω de as control parameter, i.e., in parallel to the EoS for dark energy, we investigated the behavior of Ω de and derived constraints on the parameters of the model. Eventually, after several runs we were able indeed to obtain constraints on the parameters.
In summary, based on GP reconstruction from H(z) data, we have finally concluded that the model of Eq. (12), according to its 68% CL upon being reconstructed from the sample of 40 H(z) values, can be accepted. In addition, the same model with 68% CL obtained from the sample of 30 H(z) values could be accepted, too. And also the model, Eq. (17), under exactly the same conditions. It should be mentioned that due to the specific behavior of the deceleration parameter observed during reconstruction from H(z) data, ω 0 , ω 1 , and α are such that only ω de < 0 will be possible, for both models. Additionally, a very interesting model, on top of the two models considered, is the one described by Eq. (12), since it can reach to explain the value of the Hubble parameter at the higher redshift, z = 2.34, as reported by the BOSS experiment. However, in order to understand this properly with the reconstructed interaction, we need in this case to involve a non-gravitational interaction between dark energy and dark matter, to explain the mentioned value of the Hubble parameter. However, even if it would seem we do need to include a non-gravitational interaction, this occurs for redshifts not covered by recent H(z) data. Therefore, at this moment we do not pretend to have a final answer to this question. On the other hand, even if, in principle, we were able to reconstruct the Hubble parameter beyond z = 2.6, the errors arising from the GP reconstruction are large in this case, again not allowing to reach a clear conclusion. As a consequence, it would be important to extend the present study to involve additional observational data sets (in particular GRB data). It will be interesting to consider how our conclusion may change when the volume of the available data grows. In this case, however, we will have to start the reconstruction necessarily from the second order differential equation describing the growth rate dynamics.
GP reconstruction cannot actually reconstruct information concerning the possible singularities that could be formed in certain cosmological models, because it is based on infinitely differentiable covariance functions. Therefore, in order to extend this study further we need analyze numerical solutions obtained directly from the field equations. We would like to mention also, that for appropriate initial conditions and values of the model parameters, we have studied the resulting model and found that the value of the Hubble parameter, as reported from the BOSS experiment, could be easily recovered. It should be duly remarked that, just with the help of our parametrization, this goal could be accomplished quite naturally, and that there was no need to introduce any sort of interaction between the energy components whatsoever. To wit, in the recent literature it has been contrarily defended that, in order to explain the results of the BOSS experiment, a non-gravitational interaction needed be used, or either one had to resort to a dark energy model with an awkward EoS. We must here point out, in this respect, that the EoS for the dark fluids we have considered in this paper are in no way strange, our approach to the problem having been completely different. This is a very valuable result for future analysis, since, for instance, from the GP reconstruction we observed that the parameter α does not affect the reconstruction of the non-gravitational interaction. What means, on its turn, that it cannot affect the singularity formation, and neither the type of singularity. On the other hand, we found a similar conclusion during the study of numerical solutions to the field equations. Therefore, there is the hope that GP reconstruction with additional data sets will additionally show that the models here can really explain the value of the Hubble parameter reported by the BOSS experiment without accounting for non-gravitational interactions. We have specified several values for the parameters, in order to demonstrate that the second model, described by Eq. (17) , is in good agreement with the results coming from the BOSS experiment. Actually, both models can explain the accelerated expansion of the Universe and are free from the cosmological coincidence problem, which makes them both viable, being also, in a way, quite simple.
In order to gain a better understanding of the models, we have studied the formation of possible future singularities, for three different forms of the non-gravitational interaction. Our study allows to identify the type of singularity in each case and to see how the interaction considered will affect the formation of the singularity, in the models where the effective fluid has quintessence nature. In particular, we have found that, in the cases of the models here considered, this will depend on the form of the non-gravitational interaction and on the direction of the energy transfer from one energy type to the other. According to that, either a Type I, Type III, or an ω-singularity (Type V) can be generated. As a result, we have compiled very valuable additional information which might be useful in the future, under the form of templates, to confront new observational data and, in this way, finally adjust the model that better fits the results of forthcoming astronomical surveys.
The influence of the results obtained in this paper on the cosmological structure formation process and the investigation of more general forms for the non-gravitational interactions, including the interesting case of sign-changing interactions -to identify possible additional singularities in the cosmological models considered-will be reported elsewhere. Finally, a further extension of this work will be the construction of some appropriate modified theories of gravity incorporating the transitions discussed here, together with their astrophysical applications.
